Compressive holography enables 3D reconstruction from a single 2D holographic snapshot for objects that can be sparsely represented in some basis. The snapshot mode enables tomographic imaging of microscopic moving objects. We demonstrate video-rate tomographic image acquisition of two live water cyclopses with 5.2 μm spatial resolution and 60 μm axial resolution.
Introduction
Holography characterizes the optical field, including the amplitude and the phase [1, 2] , on a 2D surface. Quasi-3D imaging has been achieved using holography via the so-called backpropagation mechanism, which numerically focuses the optical field at several depths, as if lenses focused the field to form an image. However, as discussed in [3] , the backpropagation in digital holography recovers merely 2D fields at multiple depths as opposed to the true 3D scattering density that induces the 2D fields. It is possible, however, to form truly tomographic images from holographic data using nonlinear object estimation algorithms. This paper demonstrates the utility of these algorithms for 3D imaging of microscopic moving objects. In particular, we show that tomographic images can be acquired at full frame rate at the longitudinal and transverse resolution limits of the optical system.
Our group has demonstrated that 3D tomographic reconstruction can be achieved from a single holographic projection by using the theory of compressive sensing [4] [5] [6] provided that the representation of the 3D scattering density in some transformation basis is sufficiently sparse. This method, called compressive holography, has a potential for fast acquisition for 3D imaging. Several papers based on a similar philosophy have been published. In particular, Denis et. al. demonstrated success application of sparse reconstruction techniques to holographic 3D imaging and field-of-view expansion [7, 8] . Also, Coskun et al. applied a similar sparse estimation method for lenseless wide-field fluorescent imaging on a chip [9] . A similar philosophy used in our compressive holography work has been applied to the 2D holographic imaging as well. Marim et al. and Rivenson et al. applied decompressive inference to frequency-shifting hologram [10] and digital Fresnel holography [11] . It is also noteworthy that other 3D imaging methods such as optical sectioning [12] and Tikhonovregularized solution [13] are available in the literature even though all these methods are not strictly 3D imaging in that the solutions from the methods do not mathematically correspond to the true 3D scattering densities.
While the resolution of a microscopic system is determined by its numerical aperture (NA), the practical resolving power and reconstruction fidelity of compressive holography largely depend upon the effective NA that is determined by object feature sizes. It is desirable that the diffraction signals fully occupy the detector area such that the NA of an optical system is fully utilized. In practice, the combined effects of these factors may be reasonably estimated from the amounts of diffraction signals produced by the object features. Increasing diffraction signals, and equivalently the effective NA, may be achieved by several ways. For example, a microscopic objective can be used to increase the numerical aperture of a system by magnifying the field entering the objective. Of course, the objective tends to increase system volume and decrease field of view.
Highly compact microscopes may be constructed, as in digital holographic lensless microscopy [14, 15] , by eliminating optics between the scattering object and the focal plane. This paper focuses on such designs while also obtaining detector limited NA. We illuminate the object with a spherical wave incident field to magnify the diffraction signal on the FPA. Other more sophisticated incident fields may be utilized to further increase the detectable diffraction signals to improve the performance of our methods. Our physical system is similar to the digital in-line holographic microscope [14] ; our contribution is to adapt compressive holography to microscopy and to demonstrate its effectiveness in single frame 3D tomography. Building on our first report of this approach in [16] , this paper presents a theoretical framework for holographic tomography and demonstrates the utility of the approach for practical imaging. We note that the theoretical framework developed in this paper can be generalized to other microscopic geometries with small modifications which may utilize more complicated incident fields. This paper is organized as follows. Section 2 describes the mathematical forward model and reconstruction methods for compressive holographic tomography. Section 3 describes an experimental system and presents experimental results. Section 4 concludes with suggestions for future development.
System model
We consider a microscopic system composed of a point source for illuminating the objects and the FPA that measures the Gabor hologram. Figure 1 shows a schematic of such a holographic microscope. The intensity of interference pattern ( , ; ) I x y z measured using the FPA placed at a propagation distance z can be written as
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where 0 U represents the incident field, and s U represents the complex field at distance FPA z scattered off of the objects. The incident field 0 U is generated by a point source and thus forms a spherical wave. Thus,
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Here,   , xy and  
,, x y z    represent the coordinates in the FPA plane and in the object space, respectively.  
,, x y z     is the scattering density of a 3D object and h is the HuygensFresnel point-spread function [17] . Since the NA of the system is relatively large, the Fresnel approximation may be inaccurate. Thus, the use of the angular spectrum transfer function for propagation would be desirable. However, the effective NA is smaller than the numerical aperture of the system, which allows us to use the Fresnel approximation without suffering from the loss of numerical accuracy. The concept of the effective NA is discussed in details in Sec. 3.
The incident field   0 ,; U x y z is a spherical field originating from 0 z  and thus can be expressed using   ,;
F h x y z . The scattered wave from the objects is represented as
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where  denotes the sampling spacing in the FPA plane and   denotes the sampling spacing in the object space. ,, 
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, and n denotes additive noise.
Equation (7) is solved by finding f that minimizes the total variation (TV) [18] . . It is clear that the compressive holography reconstructions show significantly better localization (or sectioning) capability. Also, the compressive holography reconstructions suffer less from the undesired background "noise" resulting in better image contrast. This reflects as better reconstruction fidelity. For example, the tails and antennae of both water cyclopses are remarkably sharper and more discernible in Fig. 4 (c) and 4(d) compared to those in Fig. 4(a) and 4(b) .
The theoretical limits of the resolution of the proposed system may be expressed as [20] , 2 . In practice, however, the resolutions are limited by other factors such as the quantization of FPA, various sources of noise, and object feature sizes. These factors reflect on the hologram as discernible diffraction signals. Practical resolutions may thus be estimated by considering amounts of diffraction signals [21] . Note that such resolutions can depend on objects because diffractions depend on object feature sizes. For example, one tail of the water cyclops on the left-hand side in Fig. 3 Note that the Born approximation is valid when the product of the index contrast and object size is less than one-quarter wavelength since the field inside the object is approximated using the incident field [22, 23] . For example, the platelets of Sapphirinidae that belongs to the same subclass as water cyclopses have a high refractive index as 1.8 [24] . So the bodies of cyclopses are not in the range that the Born approximation is valid and its inner structure are not correctly reconstructed by our method based on the Born approximation. The reconstruction along the propagation direction is more inaccurate as in Fig. 6 since the holographic microscope is modeled as a linear system along the propagation direction. Figure 7 presents an alternative visualization of the same 3D datacube. Figure 7 (a) shows an image of the maximum intensity values along the propagation directions in 3D. represents a map of the axial positions corresponding to the maximum values in Fig. 7(a) . From these two images, a range map is constructed as shown in Fig. 7(c) . The map represents the HSV space. The hue (h) represents Fig. 7(b) , and the value (v) represents Fig. 7(a) . The saturation (s) is set to 1. Figure 8 shows the videos of the raw measurements and range maps associated with the compressive holography reconstructions. The raw measurements capture the movement of three water cyclopses in a 3mm depth container. In Fig. 8(a) , the frame rate for the 2D hologram recording was set to 15 fps whose frames are played at the rate of 3 frames per second for readers' visual convenience. 
Conclusion
We have demonstrated a video-rate compressive holographic microscopic tomography. The method has been applied to microscopy where an illumination wave is generated with a microscope objective to produce a spherical wave incident field. This framework for compressive holographic microscopy can be generalized to any computational holographic microscopy with moderate modifications. We have also analyzed both the theoretical and practical resolutions of the proposed microscope. Our use of the term "video-rate" refers to the acquisition time of the image, processing to reconstruct the tomographic data cube is far from real-time in our current implementation. Future work may focus on the use of application specific software and hardware to speed the reconstruction and visualization process. Alternative sampling strategies using multiple illumination wavelengths or more complex illumination patterns may be effective improving the longitudinal resolution and increasing the range of observable objects.
